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Review :

A convergence -1hm : Let f- be integrable on the circle .

ummm

suppose f is differentiable at Xo .

Then

Swf (Xo ) → fcxo ) as N→w
.

The above result is based on the Riemann - Lebesgue .

Iemma
.

Remark : Using the same proof, we can show that the above
urn

result holds under the weaker assumption that

f is Lipschitz continuous at Xo , this is
,

7- M> 0 such that

* I / fan - fan / £ M - Ix-Kol for all ✗ c- [-17,1-1]
.



Corollary. 1 .

Let f , GER . Suppose that

f and g coincide on an open interval I
which contains Xo

.

Then

Snifcxo ) - SN gcxo ) → 0 as N→ is
.

Pf . Apply the convergence -1hm to f - g at Xo .

☒
.

FACT : The above result implies that

the convergence of Snf at Xo only depends
on the behavior of f- on a neighborhood of Xo

.

66
99

This fact is called Riemann'slocalizationprincip6m
.



§ 3.2

/
A continuous function on the circle whose Fourier

seriesdivengesatsomepc.in#
.

Let us start from a special function

f-µ , = /
if - × ) if of ✗ £1T

| if- IT - x ) if -* ✗ so

±

:p
f- IT

A direct calculation shows that

fan ~ I in einx oh f- IT
, IT]

n -1-0



For Nicki
, define

f-man = I b- e
" "

f- Sixfcxi )
06 MEN

~
- I

f-Next = µ
b- ein

Kem_2_ : in 7- a constant M > o such that

Ifma , / EM for all ATEIN and ✗c- Egg

(2) I fµTo ) / Z log At

Pf
.

We first prove it .
Let us consider the Abel mean of f.

Arfcxi = ¥ [IF Prcx - y ) faddy
,

where Pran : = ÷,×+_p , ⇐ r< 1
.



Notice that for osr< 1
,

/Arfa , / £ ÷,
[¥ Pratt / fcyildy

E "¥!
prcx-ytdy-llflhsfwfl.lu: = sup fool )

YEETI
,
-111

.

However

I f-man - Arfa , /

In > o r÷ein×/=/
o, µ

#ein - z
.

=/ I04ham
""

ein -
z

1h1 >_m+,¥"eimy
r÷ein×|£1

I

otnkoy
"L e"" / + / I1h12m-11



← os¥kµ + I

1h12m ,
¥4

M
1- ph rn

£ 2- ¥
,
I + 2' I

A-Nti
TF

Notice that tn± = ltrllltr-ry-n.it)

£ I - r
.

Hence

I fnicxi - Arfcxi Is 2.1411- r) -1 2 ¥%+
,
I÷

{ 2N (tr ) -1 2 . ,¥rj
E 2N (tr ) 1- 2-

NU- r)

Let us take ñ= 1- ¥
,

then NG-F) = 1

Then / fµc×i - Añlfcx) / s 4



It follows that

I fµW I e 4 + 1 Arfa , /

£ 4 + 11 flhs
.

This prove it .

~

Next we prove (2) ,
i.e. t.fm Cos / > log Ni

Notice that

fµ~co , = nÉµ he "" °
= -

- ( 1+1-2-1 . .-1¥]

So

/ FICO ) / = It {+ . . - + £,
-

( using £ = f)
"

f- dx

for all R > 0 )
⇒ É

,
f
,?"÷d×



= É
,

( loglktl ) - log K )
= log (111-11) > log N .

☒i

Next for At c- AT , define

pµcx)= edit
"×

. fµ(x)

=
É
n=.mn/-eih+2N)xn--o3N--En!-,;einxn--
N

n-42N

2111-1
~

Pixar e-
""×

. f÷ ,
= ¥

,

n÷ei"×

clearly fpµc× , / =/ futile M
,

/ RICH =/ INCH /
,
11%011 > log AT.



Construct a sequence ( Nr)pE , of positive

integers and a sequence 12kJPY , of positive
numbers such that

(1) Nkt , > 3 Hk
is

41 I 2k s is
R=l

(3) 2k10g Npr → is as k→ is
.

( For instance , we can take

Nr= 44k and 2k= 3- K )

Finally set
is

gcx ) = I 2k PNp.GG , ✗ c- E- IT
, it] .

k=1
is

since / Papin / EM and I 2km so
,

Ra

by the Weierstrass M
- Test

, we have



e

¥
,
dkpmp.cn Is Y on the circle

as I→ is
.

and g is continuous on the circle
.

Next we claim that

5µg (o ) -4 961 as N→ is (**)

Lem 3
.

&n ) = ( n?÷µr if nt [ Nr
,
3111k]

and n -1-2 MR

0 otherwise
.

Pf . Recall that for given 1¥
,

PµCxi= I
Henson,

n¥,
einx

Nt 244

Hence ~
n⇒,

if he [ N , 3N]

pain )= {
±

n -1-2^1

0 otherwise



Now fix me ¥ .

Let E > 0
.

Then 7- KENT

such that

e

/ Gai - ¥ ,
djpiy.cn/seiflZL .

Observe that for HER ,

1h6m1s #⇐ that e-imldx

E 11h11 is
.

Hence
e

(***) 1 Font - ¥,
djpiy.CM/seifezL

Now suppose that

n ¢ E Nj , 3NjI ,
5=1

Then djpjy.cm - o for all j so

É djpy.cn )=o for all l .
5=1



So by (*** 1 ,

lignite E.
Since E is arbitrarily given , §cn)=o .

Next assume me [ Nk
,
3 MRI for some k .

Then for any l >_k,
l ~

I dj PNj( n ) = 2rÑµpfn )
5=1

⇒ 2k ' n÷
,

if n=l2Nr

I o if n=2Nk
.

By (***) , we see that

Jen)= 2kÑmpn )
.

This proves Lem 3
.

☒



• 96×1=2 , Ryan -12212,4×1-1 ' ' ' '+ d-pippin ,'t ' ' '

N , 3N,

N2 3h12 MR 3111k

¥-1
Hr . . . . KY

'i
2N , 2111k

_i•
Let us consider SzµnG dkpiyplxi

We notice that

52mn94) = 21pm ,(× ) -1 " - tdpypmn.fi
+ trippin

fznp.GG/--(2iPm,C0ltiiit2k-iPiyr.f01)-2piPTkG
)

= (1) 1- (E)
K-1

tells Edi .ms Édi
it it

but 1*112 2klogh.lk → to



Hence

I 52mn96 ) / → to =/ GG )
.

II.


